FLAT MOBIUS STRIPS OF GIVEN ISOTOPY TYPE IN R 3 
WHOSE CENTERLINES ARE GEODESICS OR 
LINES OF CURVATURE 



YASUHIRO KURONO AND MASAAKI UMEHARA 

ABSTRACT. We construct flat Mobius strips of arbitrary isotopy types, whose centerlines are geodesies or lines 
of curvature. 



Introduction 

Let ip(p, t) — (— p, —t) (\t\ < 1, p £ S 1 ) be an involution on S 1 x (—1, 1), where 

S 1 :={ P eR 2 ; \ P \ = 1}. 
We denote by M the quotient of 5 1 x (—1, 1) by the map <p, and denote by 

7T : S 1 x (-1, 1) -> M := S 1 x (-1, 1)/ - v 

the canonical projection. An embedding / : M — > R 3 is called a Mobius strip and the restriction of / on the 
line {(p, t) £ S 1 x (—1, 1) ; t = 0} is called the centerline of the Mobius strip. A Mobius strip / is called 
rectifying (or geodesic) if the centerline is a geodesic. On the other hand, a Mobius strip is called a Mobius 
developable if it is a ruled surface and its Gaussian curvature vanishes identically. It should be remarked 
that constructing a concrete example of Mobius developable is not so easy, and classical such examples are 
given in Wunderlich (|W1, Chiconne-Kalton lICKl , Schwarz l>l]|S2),and Randrup-R0gen llRRTl . 

A Mobius developable / is called principal (or orthogonal) if the centerline is orthogonal to the asymp- 
totic line. On the complement of the set of umbilics on M, the centerline of the principal developable / 
consists of a line of curvature. It should be remarked that any Mobius developable has at least one um- 
bilcs (See Corollary 3.5 in JMU] and also Proposition [L9] in Section 1.) In this paper, we shall prove the 
following two theorems: 

Theorem A. There exists a principal real-analytic Mobius developable which is isotopic to a given Mobius 
strip. 

It should be remarked that the first example of unknotted principal real-analytic Mobius developable was 
given in |CK|. 

Theorem B. There exists a rectifying real-analytic Mobius developable which is isotopic to a given Mobius 
strip. 

When we ignore the property of the centerline, the existence of a C°° Mobius developable with a given 
isotopy type has been shown: In fact, Chicone and Kalton showed (in 1984 see [CK|) that the existence 
of Mobius developable whose center line is an arbitrary given generic space curves. After that, R0gen [R| 
showed that any embedded surfaces with boundary in R 3 can be isotopic to flat surfaces. 
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If we expand a flat Mobius developable into their asymptotic directions, then we get a flat surface whose 
asymptotic lines are all complete, and such a surface may have singular points in general. In [MU|, the 
global properties of such surfaces are investigated. 

As a point of view from paper-handicraft, we know experimentally the existence of a developable Mobius 
strip which can be given as an isometric deformation of a rectangular domain on a plane. Such a Mobius 
strip must be rectifying, since the property that the centerline is a geodesic is preserved by the isometric 
deformation. On the other hand, any rectifying Mobius developable can be obtained by an isometric defor- 
mation of a rectangular domain on a plane (See Proposition ll.l4t . Thus, Theorem B implies that one can 
construct a developable Mobius strip of given isotopy type via a rectangular ribbon. 

1. Preliminaries 

Let / := [a, b] be a closed interval, and j(t) (a < t < b) a regular space curve. Then the function 

. w) x m 

{ } - "IF 

is called the curvature function of 7. A point where n(t) vanishes is called an inflection point of 7, where 

7 = drf/dt. 

Let £(t) be a vector field in R 3 along the curve j(t). We set 

F 7lC (i, u) := 7 (t) + u£(i) (t e I, \u\ < e), 
where e is a sufficiently small positive constant. Then F~ c is called a ruled strip if it satisfies 

7(t) x ^) + 0, 

where x is the vector product in R 3 . In this case, F 7 £ gives an immersion for sufficiently small e. More- 
over, if it satisfies 

(1.1) det(7(t),£(t),e(t))=Q (a<t<6), 

then F 7l £ is called a developable strip. In fact, it is well-known that (11. It is equivalent to the condition that 
the Gaussian curvature of vanishes identically. 

Definition 1.1. Let F 7 ^ be a developable strip. Then it is called principal or orthogonal if it satisfies 

(1.2) £(£). 7 (f) = (o<t<&), 

where • means the canonical inner product in R 3 . In fact, the condition ( 11.2b is the orthogonality of the 
centerline with respect to the asymptotic direction. If 7(4) is not an umbilic, the centerline is a line of 
curvature near j(t). 

The following assertion can be proved directly: 

Proposition 1.2. Let 7 be a regular space curve, and a vector field along j(t) such that 

(1.3) £(i). 7 (t) = 0, £(i)x7(*)=0 (a<t<6). 
77ie« i 7 ^ ^ g/vei a principal developable strip. 

Remark 1.3. One can prove that any principal developable strip is given in this manner. 

Remark 1.4. The condition ( 11.31 ) means that £(t) is parallel with respect to the normal connection. In 
particular, the length |£(t)| is constant along 7. When 7 does not admit inflection points, the torsion 
function of 7 is defined by 

det(7(t),7(t),7(t)) 



r(t) := 



|7(*) X7WI 2 
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We now take t to be the arclength parameter. Then, as pointed out in HCK1 , 

P (t) := (sin [ T(s)ds) n(t) + (cos [ r(s)ds ) h(t) 



gives a parallel vector field on the normal bundle T_r of 7, that is, Po(t) is proportional to j(t). (Here n(t) 
and h(t) are the principal normal vector field and the bi-normal vector field of 7(i), respectively.) It can be 
easily checked that any parallel vector field satisfying dl.3t is expressed by 

P(t) := (cos S)P (t) + {smS)(j(t) x P (t) 

for a suitable constant 6 6 [a,b). Let £(t) (a < t < b) be a non-vanishing normal vector field along 7, that 
is, it satisfies -7 = 0. Let a(t) be the leftward angle of £(t) from P{t). We set 

Tw 7 (£) := a(6) - a(a) 

which is called the total twist of £ along 7, and is equal to the total change of angles of £ (t) towards the 
clockwise direction with respect to Po(t). When |£(t)| = 1, it is well known that the following identity 
holds: 



(1.4) Tw 7 (£) = i- / <lH(7.(/U(/U(/i)<//. 



Definition 1.5. Let F 1 ^ be a developable strip. Then it is called rectifying (or geodesic) if it satisfies 

• 7 (t) = (o < t < 6), 

where ■ means the canonical inner product in R 3 . 

First, we give a trivial (but important) example: 

Example 1.6. (The cylindrical strips) Let j(t) = t (x(t), y(t),0) be a regular curve which lies entirely in 
the xy-plane. Then the cylinder 

F(t,u) := 7 (*)+ (0 

over 7 gives a developable strip which is principal and rectifying at the same time. It is called a cylindrical 
strip. 

Again, we return to the general setting: Let j(t) (a < t < b) be a regular space curve. If the torsion 
function r(t) of j(t) does not vanish, then the rectifying developable over 7 is uniquely determined as 
follows: We set 

D(i) = ^t(*) + b(i), 

K{t) 

which is called the normalized Darboux vector field (cf. Izumiya-Takeuchi [IT|), where t(t) :— j{t)/\'j(i)\. 
The original Darboux vector field is equal to n(i)xn(i), which is proportional to D(t), where t(t), n(t), h(t) 
are the unit tangent vector, the unit principal normal vector and the unit bi-normal vector, respectively. 
Then one can easily get the following assertion: 

Proposition 1.7. Let j(t) be a regular space curve without inflection points, and D(t) the normalized 
Darboux vector field along 7. Then F lt £> gives a rectifying developable strip. 

Remark 1.8. One can prove that any rectifying developable strip is given in this manner. 
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Let F 7i £ be a developable strip over a regular space curve j(t) (a <t < b). If it holds that 

7 W( a ) = 7 W((,) („ = 0,1,2,...) 
then 7 gives a smooth closed curve, where y^V := d n y/dt n . Moreover, if 

(1.5) &Ha) = -^ n \b) (n = 0,1,2,...) 

holds, then F 7i j gives a Mobius developable as defined in Introduction. We denote by the boundary of F 7 ^ 
by B 7 . The half of the linking number 

Mtn(F 7 , s ) := iLink(7,S 7 ) 

is called the Mobius twisting number, which takes values in ±|, ±|, ±|, • • • (cf. [R, Definition 3]). Here 
Mtn(F 7i j) = (2ri + l)/2 implies that the strip is (2ri + l)7r-twisted into clockwise direction. Let c be a 
unit vector in R 3 and suppose that the projection of the centerline 7 into the plane P c perpendicular to c 
gives a generic plane curve. Then we get a knot diagram of 7 on the plane P c , and its writhe Wr c (7) is 
defined, which is the total sum of the sign of crossings on the knot diagram. Then the following identity is 
well-known: 

(1.6) Mtn(F 7)? ) - - Tw 7 (e x ) + Tw 7 (c x ) + Wr c ( 7 ), 

where £ and c mean the projection of vectors £(t), c into the normal plane at j(t). 
Here, we shall recall the following result: 

Proposition 1.9. f[MU, Corollary 3.5]) Any Mobius developable admits at least one umbilical point. 

Proof. For the sake of convenience, we shall give here a proof. Let j(t) (a < t < b) be the centerline of 
the Mobius developable. We may regard -f(t) is a c-periodic regular space curve (c = b — a), that is 

7(* + c)=7(*) (teR). 
Then the Mobius developable can be written as 

F(t,u)=-y(t)+u^(t) (|u|<e), 
where £(t) is a unit vector field along 7 such that 

(1.7) £(* + c) = -£(*) (teR). 

Let v(t) be the unit normal vector field of F(t, u), which depends only on t. Suppose that / has no umbilics. 
Then we can take a local curvature line coordinate (x, y). Then by the Weingarten formula, we have 

(1-8) V x = -Xlfx, Vy = -Mfy, 

where Ai,A2 are principal curvatures. Without loss of generality, we may assume that Ai = 0. Then 
f x (t, u) is proportional to Since Ai = 0, ( 11.81 ) yields that 

(1.9) v(t) = v x x + v v y = u y y = y\ 2 f y , 

namely, v is proportional to the non-zero principal direction f y . Since the two principal directions are 
orthogonal, £; (i) must be orthogonal to v(t) and v(t). Since we have assumed that / has no umbilical point, 
v(i) x v(t) never vanishes for all t. Thus, we can write 

(1.10) = a(t)v(t) x v(t), 

where a(t) is a smooth function. Since / is non-orientable, v(t) is odd-periodic (that is v(t + c) = — v(t)). 
In particular, v{t) x i>(t) must be c-periodic, that is 

(1.11) v(t + c) x v{t + c) = v{t) x u(t) (teR). 
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By dl.7t , d 1 - 1 Ob and ( 11.111 ), the function a(t) must satisfy the property a(t + c) = — a(t). In particular, there 
exists to G [a, b) such that a(to) = 0. Thus we have £(to) — 0, which contradicts that £ is a unit vector 
field, q.e.d. 



Now, we would like to recall a method for constructing real analytic rectifying Mobius developables 
from |RR1 1. We now assume that j(t) (a < t < b) gives an embedded closed real analytic regular space 
curve, which has no inflection points on (a, b). Since a rectifying Mobius developable must have at least 
one inflection point (See [RR1Q, t = a must be the inflection point of 7. Let D(t) (a < t < b) be 
the normalized Darboux vector field of 7. Then F 1: n gives a rectifying Mobius developable if and only 
if £ := D satisfies ( 11.5b , which reduces to the following Lemma [1.1 01 The first non-vanishing non-zero 
coefficient vector c(^ 0) of the expansion of j(t) x j(t) at t = a satisfies 



where the integer N(> 1) is called the order of the inflection point and the point t = a is called a generic 
inflection point. (The number N is independent of the choice of the parameter t of the curve.) Next we set 



which is the numerator in the definition of the torsion function. (See Remark [T~4l ) Then there exists a 
nonzero constant c\ such that 

A(i) = Ci(t — a) M + higher order terms, 

where the integer M(> 1) is called the order of torsion at t — 0. The following assertion is very useful: 

Lemma 1.10. (Randrup-R0gen [RR]) Let 7(f) (a < t < b) be a closed regular space such that t — a is an 
inflection point, and there are no other inflection point on (a, b). Then the normalized Darboux vector field 
D(t) can be smoothly extended as a C°° -vector field around t = a if and only if M/N > 3. In this case, 
F^ t r) defines a rectifying developable. Moreover, if N is odd, -F 7 ,_d is non-orientable. 

As a corollary, we prove the following assertion, which will play an important role in Section 3. 

Corollary 1.11. Suppose that the inflection point at t = a is generic (that is, N = 1). Then Fy t n gives a 
rectifying Mobius developable if and only if 



j(t) x j(t) = c(t — a) + higher order terms, 



A(t) :=det(7(t),7(t),7(t)) 



det( 7 (t),7 (3) W,7 (4) W) 



vanishes at t = a. 




vanishes at t — a. On the other hand, we have 



A(a) = det( 7 (a), 7 (3) (a),7 (4) («)), 



which vanishes if and only if M > 3. q.e.d. 



Here, we give a few examples. 



Example 1.12. (Wunderlich JWJ) Consider a regular space curve 
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where S(t) = 9 + At 2 + At 4 + 1 6 . Then 7(f) has no inflection point for t E R. Moreover, it can be smoothly 
extended as an embedding in R 3 . In fact, 

1 /3s 5 + 2s 3 + s\ 
7 (l/s) = - — 4s 5 + 2s 3 (<5(s) := 9s 6 + 4s 4 + 4s 2 + 1) 

S ( s ) \ -24s 6 /5 / 

is smooth at s = 0. This point s — is a generic inflection point with N = 1 and M = 4, and the induced 
rectifying Mobius developable is unknotted and of Mobius twisting number 1/2. See Figure Q] left. 





Figure 1 . The Mobius strips given in Examples ll.12l and ll.13l 

Next, we shall give a new example of a rectifying Mobius developable whose centerline has a non- 
generic inflection point. 

Example 1.13. Consider a regular space curve 

ft 9 +t 7 + < 5 + t 3 + t\ 

« t) = W)[ t5+ f +t ) {teR) ' 

where S(t) := t 10 + t s + t 6 + t 4 + t 2 + 1. Like as in the previous example, 7(l/s) is also real analytic 
at s — and 7 gives an embedded closed space curve in R 3 . Moreover, s — is an inflection point with 
(N, M) — (3, 10), that is, it is not a generic inflection point. By Lemma fl. 101 the curve induces a real 
analytic Mobius developable which is unknotted and of Mobius twisting number 1/2. See Figure Q]right. 

Randrup-R0gen [RR1 1 gave other examples of rectifying Mobius developable via Fourier polynomials. 

As pointed out in the introduction, any Mobius developable constructed from an isometric deformation 
of rectangular domain on a plane is rectifying. Conversely, we can prove the following, namely, any Mobius 
developable is an isometric deformation of rectangular domain on a plane: 

Proposition 1.14. Let F = Fy.jj : [a, b] x (e, e) be an {embedded) rectifying Mobius developable. Then 
there exists a point to G [a, b) such that the asymptotic direction £(io) at /(fo, 0) is perpendicular to j{to). 
In particular, the image {f(t, u) £ R 3 ; t ^ t } contains a subset which is isometric to a rectangular 
domain in a plane. 

Proof. Since / is non-orientable, the unit asymptotic vector filed £(t) is odd-periodic, that is, £(a) = —£(&). 
Then we have 

€(o)-7(Q) = -ew-7W, 

which implies that the function t ^ • j(t) changes sign on [a, b). By the intermediate vale theorem, 
there exists a point to £ [0, 7r) such that 

£(*o) • 7(*o) = 0, 

which proves the assertion, q.e.d. 
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2. A C°° MOBIUS DEVELOPABLE OF A GIVEN ISOTOPY-TYPE 

In this section, we construct a rectifying C°° Mobius developable of a given isotopy-type. To accomplish 
this, we prepare a special kind of developable strip as follows: 



Figure 2. The original arc a (left) and a (right) 



(The twisting arcs) Let S\ (resp. 5 12 ) be an upper (resp. a lower) open hemisphere of the unit sphere, and 
let 

7T± : S% -► A 2 := Ux,y) G R 2 ; x 2 + y 2 < lj 

be two canonical orthogonal projections. Consider an oriented (piece-wise smooth) planar curve a on the 
closed unit disc A 2 as in Figure [2] Let a be a C°° -regular curve rounding corner as in right-hand side of 
Figure |2] Then the oriented space curves as the inverse images 

<t+ := tt^Ot), a- := ttZ^ct) 

are called the leftward twisting arc or the rightward twisting arc, respectively. (See Figure|2]) 




Figure 3. The marker of the insertion of a leftward (resp. rightward) twisting arc 



From now on, we would like to twist a given planar curve by replacing a sufficiently small subarc with 
the above two twisting arcs. Namely, one can attach the leftward (resp. rightward) twisting arc into a given 
planar curve, and get a space curve. For the sake of simplicity, we indicate these two surgeries constructing 
space curves from a given planar curve symbolically as in Figure|3]left (resp. right). 

If we connect two end points of a twisting arc by a planar arc in xy-plane, we get a closed curve. Since the 
curvature function (as a plane curve) of a twisting arc near the two end points as a plane curve takes opposite 
sign, the resulting closed curve has at least one inflection point. We need such an operation to construct 
several Mobius developables in later. The existence of inflection points is really needed for constructing 
rectifying Mobius strips. The following assertion is useful for counting Mobius twisting number of our 
latter examples: 
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Proposition 2.1. Let a+ (t) and cr_ (t) (a < t < b) be the leftward and rightward twisting arcs parameter- 
izing the set 7r7 (a) (resp. 7rZ 1 (o - )) respectively. Then the space curves cr±(t) have no inflection points. 
Moreover, it holds that 

(2.1) Tw 5+ (£>i)-Tw &+ (e^-)=7r, Tw,_ (Df) - Tw,_ (e^) = -tt, 

(2.2) Twcr + (?7+) - Twar + (eg ) = 7r, Tw ? _ (??-)- Tw^_ (e^) = -tt, 
where D± (t) is the Darboux vector field of d± (t), = '(0, 0,1) and 

rj ± (t) := a±(t) x d±{t) 

is the (leftward) unit co-normal vector of a on the unit sphere S 2 . (Here the normal sections D±, with 
respect to a± are obtained as the normal parts of the vectors D± , e3. See (11.6b . ) 

Proof. It is sufficient to prove the case of leftward twisting arc. Let h(t) be the bi-normal vector of a + as 
a space curve. Since a+ is a curve on the unit sphere, the principal normal direction n(t) must be —a + (t), 
and thus 

b(t) = t(t) x n(t) = a+(t) x t(t) = r?+(t), 

where t(t) := 7(t)/|7(£)|- Moreover, by the definition of the normalized Darboux vector field D + (t), we 
have 

Di(t)=h(t)= V+ (t). 
Thus the first formula reduces to the second one. 

Let 9(t) be the smooth function which gives the leftward angle of f] + (t) from e^. Then, we have 

Tw a+ (77+) - Tw a+ (e£) = 6(1) - 9(0). 
Let t(t) be the unit tangent vector of <5+ as a space curve. Then by definition of 5+, we have 

t(0)=t(l), n(0) = -n(l) 

which yield 

(2.3) V+ (0) = b(0) = t(0) x n(0) = -t(l) x n(l) = -b(l) = -77+(l). 

On the other hands, <J + (t) lies in a;j/-plane near t = a,b, the vector i] + (t) = h(t) is proportional to e3 
there. Thus we have that 

0(1) - 6(0) = tt mod 2vrZ. 
Since we can easily check that 6(t) > 0, we get 6(1) — 6(0) = tt, which proves (12. 2t . q.e.d. 

Lemma 2.2. Let 7(f) be a spherical curve parametrized by the arclength parameter. Then the leftward 
conormal vector field 

rj(t) := 7 (t) x 7(t) 

/i parallel with respect the normal connection ofj(t). In particular, Ry iV (t, u) is a principal developable 
strip. 

Proof. A normal vector field £ (t) along 7 is parallel with respect to the normal connection if and only if 
£(t) is proportional to 7. Applying the Frenet formula, we have 

fj(t) = 7 (t) x 7(t) = K (t) 7 (t) x n(t), 

where n(t) and «;(t) is the principal normal vector and the curvature function of 7(f) as a space curve. 
Since 7 and n are both perpendicular to 7, the vector 7 x n is proportional to 7, which proves the assertion, 
q.e.d. 
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Definition 2.3. Let cr + (i)(resp. cr_(t)) be the leftward (resp. rightward) twisting arc as in Proposition ^. 11 
Then 

F± {t, u) := a± (t) + u V± (t) ( V ± (t) := or± (t) x ? ± (t)) 
is called the principal twisting strip and 

:=fr ± (i)+uD±(t) 

is called the rectifying twisting strip, where D±(t) is the normalized Darboux field of <j±. 

By Proposition ^. H and Lemma l2~2l Flf- is a principal developable satisfying (12.2b . and i 7 ^ is a rectifying 
developable satisfying (12. \\ . 




Figure 4. The construction of C^m+i via C- 



Theorem 2.4. For a« arbitrarily given isotopy type of Mobius strip, there exists a C°° principal [resp. 
rectifying) Mobius developable in the same isotopy class. 

Proof. First, we construct an unknotted principal Mobius developable of a given Mobius twisting number 
from a circle: Consider a circle C in the xy-plane. We insert 2m + 1 leftward (resp. rightward) twisting 
arcs into C and denote it by C2 m +i or C_2m-i (See Figure 4.). If we build 2m + 1 principal twisting strips 
(each of which is congruent to i 7 ^) on these twisting arcs, then we get a principal C°° Mobius developable 
Fim+\ whose centerline is C2 m +i- (Let j(t) (a < t < b) be a parametrization of centerline of i^m+i- 
Then we can write 

F 2m +i(t,u)=j(t)+uP(t) {a<t<b, \u\<e). 
The image of the center line j(t) is a union of m planar arcs and m twisting arcs. On each planar arcs P(t) 
is equal to e,3 = *(0, 0, 1). On the other hand, P(t) coincides with the co-normal vector on each twisting arc 
as a spherical curve. Since the twisting arc is planar near two end points, P(t) is smooth at each end points 
of twisting arcs. Consequently, P(t) satisfies the condition of Proposition [T72] such that P(a) = —P(b).) 
By dl.6t and ( 12.21 ), the Mobius twisting number of l<2 m +i is equal to —(2m + l)/2 (resp. (2m + l)/2) if 
we insert the leftward (resp. rightward) twisting strips. 

Instead of principal twisting strips, we can insert rectifying twisting strips F^ into C2 m +i ■ Then by ( 11.61 ) 
and ( 12.11 ). we also get a rectifying C°° Mobius developable with the Mobius twisting number ± (2m + 1 )/2. 

Next, we construct a knotted principal Mobius developable of a given Mobius twisting number via a knot 
diagram. It should be remarked that the isotopy type of the given embedded Mobius strip is determined 
by its Mobius twisting number and the knot type of its centerline. (See [RR2|.) Let 7 be the planar curve 
corresponding to the diagram. We replace every crossing of 7 by a pair of leftward and rightward twisting 
arcs as in Figure [5] (right). For the sake of simplicity, we indicate this operation as in Figure [6] When 
we will accomplish to construct the associated Mobius developable, this operation as in Figure 5 does not 
effect the Mobius twisting number, since the signs of the two twisting arcs are opposite. 

For example, letting K be a knot diagram 3i of the trefoil knot as in Figure |7] left, we replace each 
crossing by a pair of leftward and rightward twisting arcs (as in Figure 5 and Figure 6), and insert 2m + 1 
leftward (resp. rightward) twisting arcs as in Figure|7]right. Then we get an embedded closed space curve 
CJm+i ( m ^ which is isotopic to the knot K. If we build principal twisting strips on all of the twisting 

9 




Figure 5 . The crossing with the pair of twisting arcs 



(> 



FIGURE 6. The marker of the pair of twisting arcs at a crossing 



arcs we inserted, then we get a principal C°° Mobius developable F^ n+1 . Since all crossing of 3i are 
positive, the writhe is 3, and thus the formula (11.61 l and (12.2b yields that the Mobius twisting number of 
P'im+l i s 3 T (2m + l)/2. Since m is an arbitrary non-negative integer, we prove the existence of principal 
Mobius strip for the case of trefoil knot. 

Similarly, we can prove the existence of principal Mobius strip F^ mJrl with an arbitrary Mobius twisting 
number for an arbitrary given knot diagram K. 




Figure 7. The construction of a Mobius developable via the knot diagram of 3i 

Instead of the principal twisting strips, we can insert the rectifying twisting strips (cf. Definition 12.3b . 
Then we also get a rectifying C°° Mobius developable with an arbitrary isotopy type at the same time, 
q.e.d. 



(Properties of asymptotic completion of Mobius strips) 

Let M 2 be a 2-manifold and / : M 2 — > R 3 a C°°-map. A point p e M 2 is called regular if / is an 
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immersion on a sufficiently small neighborhood of p, and is called singular if it is not regular. Moreover, 
/ : M 2 — » R 3 is called a (wave) front if 

(1) there exists a unit vector field v along / such that v is perpendicular to the image of tangent spaces 
f*{TM). ( v is called the wn/f normal vector field of /, which can be identified with the Gauss 
map v : M 2 — > R 3 . ) 

(2) The pair of maps 

L := (/, i/) : M 2 -> R 3 x S 2 (^ T*R 3 ) 

gives an immersion. 

On the other hand, a smooth map / : M 2 — ► R 3 is called a p-front if it is locally a front, that is, for each 
q G A/ 2 , there exists an open neighborhood U q such that the restriction f\jj gives a front. By definition, a 
front is a p-front. A p-front is a front if and only if it has globally defined unit normal vector fields (namely, 
it is co-orientable). 

Definition 2.5. ( BMU1 ) The first fundamental form ds 2 of a flat p-front / : M 2 — > R a is called complete if 
there exists a symmetric co variant tensor T on M 2 with compact support such that ds 2 +T gives a complete 
metric on M 2 . On the other hand, / is called weakly complete if the sum of the first fundamental form and 
the third fundamental form 

ds 2 ^ := df ■ df + dv ■ dv 
gives a complete Riemannian metric on M 2 . 

A front is called flat if v : M 2 — > S 2 is degenerate everywhere. Parallel surfaces f t (t G R) and the 
caustic Cf of a flat front / are all flat. Weakly complete flat p-front is complete if and only it is weakly 
complete and the singular set is compact. (See IIMUI Corollary 4.8].) Let e > and 

F{= F^(t, «)) = 7 (t) + u£(t) (M < e), 

be a flat Mobius developable defined on a closed interval i S [a, 6], Then 

F(i,«)=7(t)+«f(t) («Gfl) 

as a map of S* 1 x J? is called the asymptotic completion of /. We can prove the following: 

Corollary 2.6. For an arbitrary given isotopy type of Mobius strip, there exists a principal Mobius devel- 
opable f in the same isotopy class whose asymptotic completion f gives a weakly complete flat p-front. 

In I1MU1 Theorem A], it is shown that complete flat p-front is orientable. In particular, the singular set of 
/ as above cannot be compact. 

Proof. Let F be a principal Mobius strip constructed in the proof of Theorem l2.4l We can write 

F(t, u) = 7(t) + uP(t) (t e[a,b], ue R), 

where j(t) be the embedded space curve Ci m +\ or C^ m+ y. By taking t to be the arclength parameter of 7, 
we may assume 

(2.4) |7(*)l = i (te[M])- 

Since F is principal, the asymptotic direction P(t) is parallel with respect to normal section. In particular, 
we may also assume that 

(2.5) \P(t)\ = l (t€[a,b\), 
and 

(2.6) P(t) = A(t)7(t) (tG[o,6]). 
As seen in the proof of Theorem l2.4l we may assume there exist points 

a < pi < qi < p 2 < q2 < • • • < Pn < q n < b 
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such that the interval (pj, qj) corresponding to the twisting arcs, in particular, we have 

n 

(1) The open subarc j(t) (t 6 (pj , qj)) has no inflection points as a space curve, 

3=1 

n 

(2) P[t) = e 3 fori ^ (Jfe,^). 

As seen in the proof of theorem l2~4l the curve 7 is constructed from a knot diagram K. We set 

v{t) :=7(<)xP(i). 

Then it gives the normal vector of F(t,u). If we choose the initial knot diagram generically, we may 
assume that the number of inflection points on the diagram is finite. Then we can insert principal twisting 
arcs in the diagram apart from these inflection points. Since 7 is principal, the Weingarten formula yields 
that v{t) gives a principal direction (cf. (11.91 0, and \ v{t) \ gives the absolute value of the principal curvature 
function of /. So |z>(i)| does not vanish if t is not an inflection point of j(t). Thus there exists a positive 
constant po(< 1) such that 

n 

\*{t)\>po (*e Ufo.fc))- 
3=1 

Since P(t) is perpendicular to j(t), (12.4b . (12.5b and ( 12.61 ) yields that 



ds # 



2 - ds 2 + dv 2 = ((I + u\{t)) 2 dt 2 + du 2 ^j + \v(t)\ 2 dt 2 



Then we have that 

n 

(2.7) ds% > du 2 + \i<(t)\ 2 dt 2 > du 2 + \p \ 2 dt 2 (t £ \J(pj,qj)). 

3 = 1 

n 

Next we suppose that t $ (pj, qj). Then P(t) = holds and thus X(t) vanishes. Since po < 1> we 
have 

(2.8) ds| = (di 2 + rfw 2 ) + |z>(t)| 2 dt 2 > (dt 2 + du 2 ) > du 2 + \p \ 2 dt 2 . 

By d2.7t and ( 12.81 ), we have ds 2 ^ > du 2 + \po\ 2 dt 2 for all t G [a, 6]. In particular, ds 2 ^ is positive definite 
and / is a front. Moreover, since du 2 + \po\ 2 dt 2 is a complete Riemannian metric on S* 1 x R, so is ds 2 ^, 
which proves the assertion, q.e.d. 

(Proof of Theorem A.) 

Let F be a principal Mobius strip constructed as in the proof of Corollary 12. 61 that is we can write 

F(t,u)=j{t)+uP(t) {te[a,b}, |u|<e). 
We fix an integer m € Z arbitrarily. Then we can take F so that 

(2.9) Tw 7 (P) = ^. 
Moreover, we may assume that 

a = 0, b = 2tt. 
12 



Here 7 lies on a;?/-plane when t £ M (jpj, qj). So without loss of generality, we may also assume that 

3=1 

n 

g" (J (pj , g^). Then P(t) is uniquely determined by the initial condition P(0) = e3. Let 
i=i 

n : R 3 -> # 2 

be the projection into xy-plane. We set 

7d (i) := (1 - d) 7 (t) + dU o 7(f) (0<d< 1). 

Then jd has same isotopy type as 7 = 70 for each d G (0, 1). Consider the Fourier expansion of "fd(t) 
under the identification S 1 — Rj i2nZ) 

ld{t) = ao(d) + ( a n (d) cos(ni) + b n (d) sin(nt) J , 

71=1 ^ ' 

and let 

7d,n(t) := a (d) + <*M <x*(jt) + b 3 (d) sm(jt) (n = 1, 2, 3, ...) 

j= i V / 

be the n th approximation of jd{t)- Then {jd,n} is a family real analytic curves uniformly converges to 7^. 
Since d is a real analytic parameter of jd, 

a (d) , ai (d) , h (d) , a 2 (d) , b 2 (d) , • • • 

are all real analytic functions of d. For each positive integer n and d G [0, 1], there exists a unique vector 
field Pd.n{t) along 7 such that P(0) = e3 and Pit) is proportional to 7. Moreover, 

lim P ,n(*) = i'W 

n — >oo 

and 

lim Pi, n (t) = e 3 . 

n — >oo 

Since 7i „ is a plane curve in xy-plane, we have 

2m + 3 

— " 7U,7i \~ u>'*^ o 

n — ► oo Z 

By the intermediate value theorem, there exists 6q G (0, 1) such that 

, , 2m + 1 

Tw 7* ,„(P5o,«) = 2 ' 

for sufficiently large n. By ( 11.6b , 

F n (t,u) := 7(*) + wP5 ,n(*) 
gives a real analytic principal Mobius strip of twisting number 

where Wr e3 (if) is the writhe of the knot diagram K. (If K is un-knotted, the writhe vanishes.) Since 
Tw 7 (e;j ) and Wr e3 (-fC) are both fixed integers and m G Z is arbitrary, this P„ gives the desired real 
analytic principal Mobius strip. q.e.d. 

13 



lim_ Tw 70n (Po, n ) = — ^ — , _lim_ Tw 7ln (Pi,. 



3. Proof of Theorem B. 

We construct a real analytic Mobius developable, by a deformation of a C°° Mobius developable. For 
this purpose, the rectifying C°° Mobius developables given in the previous section is not sufficient and we 
prepare the following proposition instead: (In fact, we must control inflection points on the centerline much 
more strictly to apply Corollarv ll.lll ) 

Proposition 3.1. There exists a rectifying C°° Mobius developable with an arbitrary isotopy type such that 
its centerline 

1 {t) = {x{t),y{t),z{t)) (|t|<7T) 
as a 2n-periodic embedded space curve satisfies 

(1) j(t) has a unique inflection point at t — 0, namely, j(t) x j(t) ^ holds for t ^ 0, 

(2) y(0) = 7/(0) = and Jf'(0) ^ 0, 

(3) i(0) = 2(0) = 2(0) = z< 4 )(0) = 0. 

In particular, t — is the generic inflection point such that det(7(0), 7®(0), 7^ 4 -'(0)) = (cf. Corollary 

E2ZD. 

To prove the proposition, we need additional special arcs in R 3 : 
(The S-arc) The map 

cost / 1 \ . 

'"IT^UO (0 ^ 27r) 

parametrizes a lemniscate given by 

/ 2 . 2\2 2 2 

(x + y ) = x — y 

as in Figure [8] (left) in the xy-plane. The osculating conies at t — 0, ir are exactly two circles 

(x±af + y 2 = b 2 , 

which are inscribed in the lemniscate and meet the lemniscate with C 3 -regularity, where 

(3.1) a = |, 6 = 

So we set 

/ X C0S ^ / 1 \ , „ x 

W l + sin 2 iV sm V ~~ ~~ 

Since j(t) has C 3 -contact with the osculating circles CV and at t = tt, 2tt, we can give a C 3 - 
differentiable perturbation of 7 near £ = tt, 2ir such that the new curve 00 (t) (7r < t < 27r) after the 
operation has C°° -contact with the circles CV and C^x. This new curve ctq is called the S'-arc as in Figure 
ERleft). 

OQ 

Figure 8. do and '<ro with two loops ' 

(The looped S'-arc) Let m be an integer, we attach |m| loops to the S-arc ctq, which lies in the xy-plane 
as in Figure [S]right. Now, we slightly deform it as a space curve so that it has no self-intersection. Figure 
[9] left (resp. right) indicates this new curve, which is called the m-looped S-arc. We denote it by a m . 
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Consequently, the m-looped .S-arc is embedded, lies almost in the rry-plane, and has exactly one inflection 
point which is just the original inflection point of the lemniscate. 





Figure 9. a 2 and cr_ 2 . 
(The bridge arc on a torus) We set (cf. d3.lt ) 



and 



2 h 1 

3' 6= 3 



bcosv) cos it 
f[u,v) := \ bsmv j (|tt|, |u| < 




bcosv) sin it , 

which gives an immersion into the subset on a half-torus with positive Gaussian curvature as in Figure 
[10] left. Then the two osculating circles at t = tt, 2ir (with radius b) of the S-arc or the looped S-arc (in 
xy-plane) lies in this torus. 





Figure 10. The image of / and fi. 



Let n :/([-§,§] x [-£§]) 
and the inverse map is given by 



Rr be the projection into the xy-plane. Then the map fi is injective, 



n 9 



X 

I) 



1/2 



([a+^/b 2 -y 2 ) 2 -x 2 ^j 
where il is the closed domain in the xj/-plane given by 

n := {|x| < a, \y\ < b} U {{x - a) 2 + y 2 < b 2 } U {(x + a) 2 + y 2 < b 2 }. 

We take the midpoints A, B on the circular parts on the boundary of ft. Let be the mid-point of AB 
which gives the center of gravity of fl Take two points C, D on as in Figure [TTJ (right) so that they bisect 
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Figure 11. to and the top view of cq. 



the radius of the circles of radius b. Let E, F be the points where CD meets the boundary of SI. We round 
the corner of the planar arc 

AE U EF U FB, 

and then we get a C°° -regular arc To as in Figure QT| (left). The inverse image 

f t-n-^To) 

on the torus is called the bridge arc. 

Lemma 3.2. Let ?o(t) (0 < t < 1) be the the bridge arc. Then it has no inflections. Moreover, it holds that 

Tw fo (D ± )-Tw fo (e^) = 7r, 
where D(t) is the Darboux vector field and e 3 := (0, 0, 1). 

Proof. Let b(t) be the unit bi-normal vector of T~o(t). Let 8(t) be the smooth function which gives the 
leftward angle of h(t) from e^-. Like as the proof of Proposition ^. 11 we can see that Di = b. Then we 
have 

Tw +o (I) x )-Tw fo (4) = 0(l)-0(O). 
Let t(t) be the unit tangent vector of <r+ as a space curve. Then by definition of <r+, we have 

t(0)=t(l), n(G) = -n(l) 

which yield 

(3.2) b(0) = t(0) x n(0) = -t(l) x n(l) = -b(l). 

Since To(t) is planar near t = 0, 1, h(t) is proportional to e^. Thus we have 

61(1) - 6»(0) = 7T mod 2ttZ. 

On the other hand, the bridge arc To(t) (0 < t < 1) is symmetric with respect to the plane containing the 
line EF which is perpendicular to xy-plane. Moreover, the bridge arc near the the mid point II _1 (0) is 
planar, and the b(i) is perpendicular to the plane. Using these facts, one can easily check that 0(t) > 0, and 

9(1) - 9(0) = 7T, 

which proves the assertion, q.e.d. 

Consider, the union of the m-looped S'-arc (a planar part) and the bridge arc (a non-planar arc) 

(Image of a m ) U f , 

which gives a closed C°°-space curve. We denote by co(t) — (x(t),y(t), z(t)) (\t\ < it) one of its 
parametrization. Since fo has no inflection points, co(t) is a closed embedded C°° -regular space curve 
with a generic inflection point, which corresponds to the inflection point of the original lemniscate. Figure 
1 1 (right) shows the top view of cq. 
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Without loss of generality, we may assume that t — is the inflection point. Let D(t) be the normalized 
Darboux vector field along Co(t). By Lemma [1.1 01 F CQ ,o gives a rectifying unknotted C°°-M6bius devel- 
opable. Moreover, by (11.61 l and Lemma [32] we can easily see that its Mobius twisting number 2m — 1. 
Since m is arbitrary, its Mobius twisting number can be adjusted arbitrarily. Since the S'-arc is planar, 

Co = (x(t),y(t), z(t)) satisfies 

i(0) = z(0) = z(0) = z (4) (0) = 0. 
On the other hand, rotating F c<u d with respect to the z-axis, we may assume 

±(0)^0, y(0)=y(0)=0, y\o)^o, 
that is, co{t) satisfies (l)-(3) of Proposition 13.1 1 




Figure 12. tk and the top view of ck 

Next, we construct a knotted rectifying C°° Mobius developable. Let K be an arbitrary knot diagram. 
Without loss of generality, we may assume that K lies in the subdomain {|ac| < a, \y\ < b} of ft and 
moreover that K lies in the lower half plane with respect to the line EF. Like as in Figure Q~2] (left), we 
connect EF and the diagram K , and denote it by tk- Since tr- has self-intersections, so is the inverse 
image II -1 (tk)- By a small perturbation near the each crossing (according to its up-down status via the knot 
diagram K), we get an embedded arc tk on the torus, which is called the K -bridge arc. Since the Gaussian 
curvature on the torus on H (tk) is positive, the if -bridge arc tk has no inflection points as a space 
curve. Let CR-(i) = (x(t), y(t), z(t)) (|i| < tt) be the regular space curve which gives a parametrization of 
the union of the m-looped 5-arc and the bridge arc 

(Image of cr m ) U f K - 

Then by the definition of tk, ck is isotopic to the knot corresponding to K. Moreover, ck gives an 
embedded C°°-regular space curve with a generic inflection point. Figure Q~2] right is the top view of ck- 
Without loss of generality we may assume that t = is the inflection point. Since the S'-arc is planar, it 
satisfies 

z(0) = 2(0) = 2(0) = Z W(0) = 0, 

and we may assume 

±(0)^0, y(0)=y(0)=0, V(0)^0, 
like as in the unknotted case. Consequently, ck satisfies (l)-(3) of Proposition 13. II Taking the normalized 
Darboux vector field of tk, we get a rectifying Mobius developable whose centerline is tk- Since m is 
arbitrary, its Mobius twisting number can be adjusted arbitrarily. Now we have just proved Proposition l3.ll 

Next we prove the following assertion: 

Proposition 3.3. Let y(t) (\t\ < tt) be a centerline of rectifying C°° -Mobius developable f satisfying the 
conditions (l)-(3) in Proposition ^ .1\ Then there exists a family {T n (t)} (\t\ < tt) of real analytic space 
curves such that 

(a) Each T n also satisfies conditions (l)-(3) in Proposition ^. 1\ 
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(b) {r„}„ = i.2, -- converges to 7 uniformly. Moreover, family of the k-th derivatives (k — 1, 2, 3, ...) 
{r^} converges to C°° -uniformly. 
In particular, the rectifying developable associated with T n converges f uniformly. 

Proof. We set 

1 (t) = (x(t),y(t),z(t)) (\t\<ir). 
Consider a Fourier expansion of ^(t) 

j(t) = ao + I a n cos(nt) + b n sin(nt) J , 

n=l ^ ' 

and let 

7n(*)(= (xn(t),y n (t),z n (t))) := a + ^2(aj cos(jt) + b 3 shi{jt)j (n= 1,2,3,...) 

j= i V / 

be the n th approximation of 7(t). Then {7n} is real analytic and C°°-uniformly converges to 7. Now we 
set 

X n (t) :=x n (t), Y n (t) :=y n {t) - y n (0) sin t + y„(0) cost. 
Then they are real analytic and satisfy 

r n (o) = y„(o) = 0. 

On the other hand, we have 

Y n (t) := y n (t) +y n (0) cos t + y n (0) sin t. 

Since 

lim y n (0) = lim y„(0) = 0, lim V n (0) = 2/(0) + 0, 

n — >0 n — >0 n — >0 

we have 

Yn{0) ± 

for sufficiently large n. Next we set 

Z n (t) :=z n (t) + 4 ^°> + ^ rint - 4i " (0) + ^ (0) cost 
3 3 

— sm(2t) + cos (2t). 

12 b 

Then it satisfies 

Z n (0) = Z n {0) = Z n (0) = Z^(0) = 0. 

If we set 

r n (t) = (x n {t),Y n (t),z n (t)), 

then it satisfies (2) and (3) of Proposition l3.ll Moreover, we have 



(3.3) lim y n (0) = lim y n {0) = lim i n (0) = lim z n (0) = lim z„(0) = lim z^(0) = 0. 

n — >0 n — >0 n — >0 n — >0 n — >0 n — >0 

Since j n converges C°°-uniformly to 7, so does T n because of d3.31 >. 

Next we show that T n (t) (t ^ 0) has no inflection point. It can be checked by a straight-forward 
calculation that T n x T n converges to 7 x 7 on [—n, ir] uniformly. Thus for any e > 0, there exists a 
positive integer N such that T n (t) (n > N) has no inflection point for \t\ > e. So it is sufficient to prove 
that there exists e > such that T n (t) x T n (t) (\t\ < s) vanishes only at t = 0: The third component of the 
binormal vector 

(01,02,0s) :=r„(i)xf w (*) 
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is given by 

0s (*) = x n (t)(-y(t) + y(0) cost + y(0) sint) + ±(t)(j/(*) + 2/(0) sint - y(0) cost). 



Since 



sint = t + o(t), coat = l + o(t), 
x(t) = x(0)+o(t), 
y(t)=y(0)+ty(0)+o(t), 
y(t)=y(0)+ty(0)+o(t), 



we have 



fo(t) = ± n {0)(y „(0) + y n (0))t + o(t 2 ). 
Here o(t) and o(t 2 ) are the higher order terms than t and t 2 at t = 0, respectively. Since 

lim x n (0) = i(0) ^ 0, lim y„(0) = 0, lim y n (0) = tf(0) ^ 0, 

n — ^cxd n — >oo n — >oo 

we can conclude that T n (t) x T n (t) does not vanish for sufficiently small t ^ and for sufficiently large n. 

Finally, we show that the rectifying developable associated with T n converges / uniformly. Then the 
Darboux vector field D n (t) of T n (t) has the following expression 

D n (t) = ^-t n (t)+b n (t) 

K n (t) 

for t ^ 0, where t„, b„, K n and r„ are unit tangent vector, the unit bi-normal vector, the curvature and the 
torsion respectively. 

Since T n (t) is real analytic and t = is a generic inflection point, there exists a real analytic .Revalued 
function c n (t) such that c„(0) ^ and 

f n (t) x f„(t) =tc(t). 

Then 

bn(t) = C " (<) 



|Cn(*)| 

gives a smooth parametrization of unit bi-normal vector of T n (t) near t = 0. On the other hand, Let M be 
the order of torsion at t = 0. Since r„(t) satisfies (l)-(3) of Proposition l3.ll we have M > 3. Since r„(<) 
is real analytic, there exists a real analytic R -valued function T n (t) such that 

det(f n (t),f n (t),f»(<)) = t 3 T„(i). 

Thus we have 

T n (t) = det(r n (t),r n (t),f n (t)) = r„(t) 

K„(t) |f n (t)xf n (t)|8 |Cn(t)|8' 

Since T„(t) converges to j(t) C°° -uniformly, The normalized Darboux vector field D n (t) also converges 
uniformly to that of 7(t). q.e.d. 

{Proof of Theorem B.) There exists an embedded rectifying C°° Mobius developable F with an arbitrary 
isotopy type such that its centerline 

7 (t) = (x(t),y(t),z(t)) (|t|<7r) 

as a 27r-periodic embedded space curve satisfying satisfying (l)-(3) of Proposition [3T| By Proposition l3.3l 
and Corollarv ll.lll there exists a sequence {F n } of rectifying Mobius developable uniformly converges 
to F. Then F n is the same isotopy type as F if n is sufficiently large. 
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